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ABSTRACT 

\Ylloii the. vvlocities of the motion required for a ma- 

~ l i~ )~ l l i r to r  I)c~corrie faster, and the values of forces act- 

ing o r ~  ;I sli1)ject are large. the clastic: deformations 

o f  t 1 1 ~ 2  ~ll;tniplilator c.annot t)c, ignored in thr  tra.jw- 

I or!. and force control. To develop a method of the 

rrajwtory i~11(1 forct control of a flexible manipulator 

is a11 iniportarit problem. In this paper, a trajectory 

;rnd forc.~, cmntrol of a flexible manipulator based on 

~ I I T . C , ~ S C  kirlc~nlati(:s and inverse dynamics is proposed. 

First. i~ iv(~rsc  kinematics and inverse dynamics of a 

fic~sil)lc~ ~uanipulator are investigated in detail, and 

I hc.11. n 1iierarc.lkal controller based on inverse kirie- 

1i1atic.s arid invcrse dynamics is proposed. The pcr- 

i;)ri~i;rricc~s of the proposed controller arc verified by 

~ i i i ~ i ~ ( ~ ~ . i ( . a l  si~riulations. 

I .  INTRODUCTION 

.I nr;rnipulator is a rriechariical system whose links 

;11-c, c.onnc.ctrd tlirough translational or rotational joints. 

OII(' of' thc tasks for a manipulator is to c:ontrol forces 

;wting 011 ;t sul~ject  along to a given trajectory. In 

orclc~ to c~stahlish the task. a forcc and trajectory 

(.orit ri )l is ilcwssary. In the space engineering, this 

c.lilss of technology is requirc:d for assembly of space 

htruc.turcxs on iin orbit or for rclcasc and ~xxtrieval of 

;11i artificial satt,llit,c.. 

\I7hc~ii t l i ~  vt.loc.itic~s of the lriotiori rcquired for a ma- 

~iipul;~tor 1)c'coiiic faster. and the values of forces ac.t- 

i l l& on a subject are large. the elastic deformations 

of' tlic ~ i l a i i ip l a to r  cannot be ignored in the trajec- 

tory ~ I I I ~  force wntrol .  A rrianipillator whose links 

l i i l h  ~1;rstic deformations which cannot be ignored is 

( . i 1 1 1 1 ~ 1  n flcsihle ~nanipillator. while a manipidator 

conlpowd of links whose elastic deformations can 

be ignored is called a rigid manipulator. I t  is nec- 

essary for a space manipulator t o  be considered as 

a flexit)ltx nlanipulator because the structural rigid- 

ity of the links becomes lower through lightening its 

\\,eight. T h c ~ i .  to develop a rnethod of the trajectory 

and  forcc control of a flexible n~anipulator is an  im- 

portant problem in order to use a space manipulator 

well. 

111 this paper, a trajectory and force control of a flex- 

ible manipulator is proposed. Gi~rmally,  one of the  

t~asic rriethods of motion control of a manipulator is 

as follo~vs; First, by using control inputs, the state 

equations are linearized. And then, based on the  

lincarizcd statc equations, linear feedback control is 

adoptd. X rnethod in which the state equations 

arc linearized by compensating the nonlinear terms 

n,itli t h t  use of the measured values of the state vari- 

ablcs is called fcwlback linearization  neth hod. In this 

rnc>tlrod. a ftwtback control is esr,c.utd t~ased on the  

lir~r>;rrizcd state iquations. 0 1 1  the  other hand, a 

niethoct in which the state equations are linearized by 

inputirig the control forcc which realizes the desired 

motion is called fcedforward linearization rnethod. 

In this rncthod. the linearized statc equations are 

dcrivctl a roi~nd the desired va1uc.s of the state vari- 

ables. then a feedback control is executed based on 

the linearized state equations. 

In the  feedfor~vard linearization ~ ~ i e t l i o d ,  inverse kine- 

matics and inverse dynamics arcx important. When 

t hc dvsirtd rnotion arid the desircd force acting on 

the surface of an object through the manipulator are 

given. in\-crsv kinematics is to calculate all the state 

variables according to the rriotio~l arid the force are 

- - 
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2. FORWARD MODEL 

with the axis of  rotat ion of joint i ;rr~cl vcctor a! ' )  is 

st,t toward the, axis of hotly i .  Vsiug i i  set o f  un i t  

vclctors { a ( ' ) } .  ;r c.olt1rn11 rrlatris is i ~ ~ t r o t l u c t d .  



.-\ tlistanc-P vector xi1)  from joint 1 to an!. point in 

1)orly 1 is cq)resscd as 

.md thc, veloc~ty vector v ( ' )  is expressed as 

\vlicrc. $'  ~nakcs  a cross product in [a ( ' ) ] .  

O n  the other hand, a distance vector x(?) from joint, 

1 to any 1)oint in I~ody  2 is cxprcsscd as 

a ~ i d  thc vclocity vector v(?) is expressed as 

.\ stat(. variables z of the system are set to be 

Thr, q u a t i o n  of motion for stable variables z arcx dc- 

rived as follo~vs; The ccjuations for variables d 3 ' O i  anti 

H , ! , ~ '  arc, derived from t,he equations of the ;~ngular 

t~~orrit~rit;i of l ~ o d y  1 and body 2 about joint 1 and 

,joint 2.  rt~spcc~ti\~c:ly. 

( 2  1 / , ?  ( -(iji- ( ? l , ) I  ( 2 )  - + /I[ iVI ,/, )"' 
tlt 

r r r ' "  i, Inash of 1mdy r .  f i "  = [a ( ' ) ] ' " f ( ' )  and r('1 = 

[o." ']"r[" arc, force and a torque acting 011 1)otiy i 

at ,joi~it 1 .  iw11 f ' I  ' = [a(')]'.  ff '  1 is a  for(^ acting 011 

t111. s11rfac.c. of tliv o1)jcct through the, c11d c + F ~ t o r .  

wherc~ g is a gravitational constant. The equations of 

motion for variables ti$?' are d r r~ved  from the q u a -  

tion5 of elastic vibrations of b o t l ~  2 

where, the second and third term5 in the right hand 

5idc of Eq (11) express an elastic restoring force and 

rL 5tril(.tural da~npsng force. rrspc~tlvely. 

3. INVERSE MODEL 

i It is ;tssu~nrd that  a desired trajvctory z(; ' ( t )  = 

[a(")]"'.rj;) of tlie end effector mid a dcsircd force 

f j ; ' ( t )  = [a(")] ' f l t )  acting on t hc  surface of an  ob- 

ject throiigh tlie end effector arc3 givtn. Inverse kinc- 

rnat,ic.s is to calculate the anglt. of rotation dl;:)(t) 
( 2 1 )  and ( t )  and the elastic tlrforliiations GjG)(t) cor- 

r-rspo~idir~g to the t lcsird trajectory and thv desired 

fc~rc.c~. First. t h v  distance vector x f '  of the end ef- 

fcctor from , j o i ~ ~ t  1 is cxprwwd 2 1 5  

Nrs t  . sut~s t i tu t i r~g th r  t1vsirc.d for-c.c> f:," alcl thc an- 

glw of rotation dl!:', 0(;Ii i ~ i t o  Eq. (11). wt obtain 

t hcs c~luiit ion t o  clc~ttrrniric~ the (1l;tstic deformations 



nllrre. C2)  = [< p(12'~i2'  >('), 0, . , . , 0 1 .  
Equatiori ( 1 4 )  is a set of second order ordinary dif- 

frrrritial rquations and are appropriate to be forrnu- 

laird as initial valuc problems with the  initial condi- 

tiO11S 
- ( 2 )  - ,+4 

t = 0 .  - 1 1 1 2  = O  

- ( 2 )  . 
Honrvrr. silica t l i ~  coefficient matrix of Go, 1s not 

1)ositivc dd i~ i i t c~ ,  Eq. (14 )  is not well posed as an 

initial valuc problem. Here, Eq. (14 )  is formulated 

;IS I ) o I I I ~ ~ ~ L I . ~  valuc problem with the boundary con- 

nl~rlre. t f  is a time interval of manipulation, and t u , N  

are values of elastic deformations in a steady state. 

A s  h ~ n d a r y  value problems. we can obtain stable 

ohi t ions  numerically, but the  elastic dcforrriations 
-i 2 I 

r r , ( , ,  obtained havr certain velocities at  the  beginning 

of manipulation. 

On the o t l i ( ~  hand. when the angle of rotation ~ ~ ~ ~ ) ) ( t )  

and @ j i i 1 ) ( t )  and elastic deformations i$ i ' ( t )  itre oh- 

t a i ~ i ~ d .  i n v c r s ~  dynamics is to calculate the torques 

T:' ) anti T,!" which realize the desired motions. First. 
( 1 )  the forces f(/ ( t )  and f j a ( t )  are calculated by Eq. 

( 10) ~ i t h  thcx vitriablts 8::) ,OF) arid u3g). 

The torques ~ i ' ) ( t )  and ~ ; " ( t )  are citlculated by us- 

ing Eqs. ( 8 ) , ( 9 ) . ( l l ) .  But,  ~vhen we calculate ~ ; ' ) ( t )  

and 7 i 2 ) ( t )  fro111 Eqs. ( 8 ) . ( 9 ) ; ( 1 1 ) .  i t  is in(.o~isistent. 

In this paper. the least square solutions are used for 

7;' ( t )  .T;i) ( t ) .  

4. DESIGN OF A CONTROLLER 

Consider a trajectory and force control of a ma.nipu- 

lator. .A trajectory and force control is a rnanipula- 

tion for the end effector of the manipnlator to track 

a certain trajt,ctory. that  is, to f o l l o ~  a surfac(, of an  

o1)jcc-t and also to act a desired puslii~ig forcc on the 

surface of it during thc manipulation. 

Tlic proposcd cw~troller is conipostvi of' t ~ v o  parts; 

Feedfor~vard and feedback terms. The feedforward 

term is to cornpensate nonlinearity of the system dy- 

na~nics  and is calculated based on invcrsc kinematics 

and irivcrsc dynamics; Equation (17) is used. 

Equation (17 )  includes some errors due to two fac- 

tors. One factor is that  Eq. (17 )  iiic.111des impulsive 

forces at  the moments of the beginning and the end 
~ ( 2 )  

of manipl~lation txcause u!, # O as the solution 

o f  Eq. ( 1 4 ) .  But when Eq. (17 )  ih applied to the 

fcttlforwarcl c.o~itrollrr. the  cornponrrits of impulsive 

torques arc, ~ i rg l rc t rd .  Therefore: tl~c, rriotion of the 

~nariipulator have sonlc errors at  t h ~  beginning and 

the end of rrianipulation. 

0 1 1  thc othr,r liarid. Eq.  (17 )  is thc. least square so- 

lutiori, tlicrcforc it is not the exact solntion. The 

crrors ~f tlie solution cause sorlie \-illration irlodes 

and degrade tlie performances of thtx c-ontroller. 

The feedback term cmmpensates the errors included 

in tlie feedforward term with the motlt.1 crrors due to 

neglect of vihratiori modes aiid that c:aused by dis- 

turbances. -4 flexible manipulator 1)ecorne often to  

be a riori rnininlun~ phase system. As a result, the 

fccdlmck loop causes the sys ten~  inst table. To pre- 



Snl)st~tir t i~ig Eq. ( 2 1 )  into Eqs. (8). (9) .  (11),  and 

l i ~ ~ ( ~ i r ~ ~ i ~ i g  t l~twi following c q l ~ a t , i o ~ ~ s  arc obtai~icd.  

5. NUMERICAL SIMULATION 

H~,rc,. the cor~troller proposcd in section 3 are veri- 

fied riurric~rically; Thc desired t,r;tjectory of the  end 

effector .I.:; I and th r  desired forw f ifl  acting on the  

surfaw of the object arc gixren and the torques dl', 

T , ! ~ '  which rralize the desired rriotion are calculated 

on  the basis of the inverse rnodtals proposed. Then, 

the equations of rrlotiorl of the niiinipulator are solved 

11l1111rrically n-here tht. torques o1)tained are used as 

the input t,orqucXs. ;trici t h r  forcxa f ( ' )  acting on the  

surface, arc coniparcd with tlic d (4 rcd  fcrcc, acting 

on tlw s ~ ~ r f i ~ c , .  Thv viiluc~s of pi~r.a~r~r>trrs of the ma- 

~ ~ i p u l a t o r  are listed in T-IBLE 1 

Link 1 Link 2 
-- 

0.530 

0.240 

0.480 

5.00 E-02 

4.8004 

19.8830 

49.0634 

102.8703 

174.6451 

271.9208 
-- 

Body 2 is ~iiodrled as four firlit(, clcnlents for the 

i l ~ v ( m ( ~  ~n(odels (,Y = 4) .  The (Irsired trajectory of 

the, c ~ r i c l  c#ec,tor and the desired forcc acting on the  

surface are gix-CII as follows. 



, = 0.7 - 0.5(-252t1' + 1386t1' - 3080p 

+3465t8 - 1980t7 + 462i") [nil 

where. t = t / t t .  tf = 2.0 [sec]. 

Figure, 2 shows stick diagram of the manipulator. 

Figur.c>s 3 - 6 show the forces acting on the s u r f x r  

of the, object through the end effector. 

I I , , I I I 

Stick figure - 

FIG.  '2 Stick figure of t h r  r~ianipulator 

0 0  L L - L  m 8 8 , ,A 
0 0  0 2  0 4  0 6  0 8  1 0  1 2  1 4  1 6  1 8  2 0  

T ~ m e  [sec] 

(with initial clastic deformation velocity. 

feedforward only) 

o o l  8 < c 1 8 < A m 8 1  

0.0 0 2  0.4 0.6 0.8 1.0 1.2 1 4  1 6  1.8 2 0  
Time [sec] 

FIG. 4 The force f ( e )  acting on the  surfacr 

(witholit initial elastic d e f o r ~ n a t i o ~ ~  velocity, 

feedforward only) 

FIG. 3 The. force f ( C )  acting or, t h e  surface 

(without initial elastic dcforrnation velocity: 

feedback only) 

proposed contr o l l ~  ) 

t rol thr  reac.tio11 forcc accuratt>ly if r h v  iriitial elas- 

tic cicf'or~l~a tion wlocitics arc givrrl. But frorn fig- 

nrv 1. \\.(. can find that if the initial t,lastic defor- 



tht, fwd forward controller onl>- causes some vibra- 

tions a t  t11v 1)cginning of the nlanipulation. On tlic 

0 t h ~  11a11d. fro111 figure 5. we can find that  feedback 

curitroller only cannot control motion of the manipu- 

lator. Finall!.. fro111 figure 6, the proposed controller 

can suppress the excitation of vibration and has a 

good perfor~r~ance for a trajectory and force control 

of a. n~anipnlator.  

6. CONCLUSION 

In order t o  establish a tra,jectory and force control 

of  ;I ~rlanipulat,or. tlic controllers have to  generate 

input t o r q u ~  coninlands to  the nlotors a t  t . 1 ~  joints 

for the end effect,or t,o realize the desired trajectory 

and pushing force. In such cases. we have to consider 

thrt~e difficulti~s t,o design the controller. 

Tht, first nne is to deal with thc nonlinearity of dy- 

namic.~ of t h t  ~nanipulat,or. The second one is es- 

citation of vibration in the transition period. The  

last difficulty is to cancel the disturbance during the 

rrianipulation and to control the force acting on tllc 

ol)jcc-t. 7'0 deal with these difficulties. wc proposed a 

hyhrid cont rollw composed of fedforward and fwd- 

back c.ontrollers. Feedforward conlmands are gen- 

cmtcd 1)y inverse kinematics and inverse dynarriics. 

The. ~ x ~ r f o r ~ i ~ a n c e s  of thc proposed controller arc vrr- 

i f i d  1)y nl~rric~rical sin~ulat,ioris. 
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A Appendix 

Body 2 is divided into A- finite elements where are 

nunibercd as 1.2. . . .,n' from joint 2 to the end effec- 

tor. The nodes are also numbercd as 0.1,. . .,N from 

joint 2 to the end effector. An elastic defc~rmation in 

c l t~ncn t  rr , wl:), is tspressed as 

- (p - 
L . , L - ~  ( t )  

, I (  2 I 
( ~ ' 2 , , ~ - 1  ( f )  

wi";, ( t )  
I ( % )  

- ~l; ' . , ,(t) 

(25) 



- 1 2 1  
I , ela5tlc clr~forlnation of elenirnt n nt nodr TI  

- l ? i  
1 1 , ~  , mgl(> of rotatmn of elrrnerit n at riodr r~ 

\ t  11odv5 0 n~id  ,Y n r  11id1 w t  the conditlon tha t  


